Abstract. I list from the literature some Schroedinger hamiltonians related to prime numbers adding short comments on each case.
Introduction
The problem of the nontrivial zeros of Riemann's zeta function, i.e., whether they all lie on the line z = 1 2 + it in the complex plane or not, is a famous unsolved mathematical problem in which physics, especially quantum mechanics and chaos theory, could have a substantial and rewarding contribution. There is a lot of online information. My goal here is to provide a short survey of the hamiltonians that so far have been proposed to give hints for a spectral solution of the location of the zeros on the critical line.
Bhaduri, Khare, Low (1995) [1] BKL showed that the density of zeros of Riemann's ζ function are determined by its phase exp[2iθ(t)] = exp(−it ln π) Γ 
where the convention θ(0) = π has been introduced. Although this phase is smooth, i.e., it does not include the jumps by π due to the zeros of the modulus of ζ, it counts well the zeros on the critical line. It can also be expressed as the logderivative of the l = − 1 4 phase shift with respect to the distorted Coulomb wave of the repulsive Coulomb potential,
2 , and k = mω 2h . The potential in Eq. (2) is also equivalent to an inverted harmonic half-oscillator. Of course, such a negative fractional phase shift does not look physical at first glance as it points to an attractive centrifugal barrier (i.e., well) but this is precisely the case for its application to prime numbers. Even more, I hail this as a very appealing feature because of a paper of Cirone et al [2] where the −1/4 correction is called the quantum anti-centrifugal force being a metric effect related to the radial derivatives in the Laplacian. Furthermore it is well-established that a 'centrifugal force reversal' occurs for r < 3m in a Schwarzschild spacetime [3] . The connection between prime numbers and black holes is of course a distinguished one and of much transcendence. Berry and Keating (1999) [4] This is in the class of Berry and Keating contributions, who were stimulated by ideas and remarks of Connes. According to Berry and Keating, the hamiltonian
is the simplest hermitian operator connected to Riemann's ζ, though it is only a canonically rotated form of the upturned harmonic oscillator p 2 − x 2 . The simplicity results from avoiding the complications of the parabolic cylinder eigenfunctions. The wave functions in the x representation are of the type
and can be also written in terms of the smoothed counting function of the Riemann zeros
where Berry and Keating define N sm (E) = θ R (E)/π + 1, and
In addition, Aneva [5] considered chaos quantization conditions for H bk and their geometrical (group) interpretation.
Castro et al (2001, 2002) [6]
Castro and collaborators, based on works of Pitkanen, introduced the simple and appealing nonrelativistic supersymmetric quantum mechanical (SUSYQM) schemes for the Riemann zeros problem. They also elaborated on p-adic oscillators for the same problem. Their first order "ladder" operators reads
where V (t) is given by the logarithm of the Gauss-Jacobi theta series
and V (1/t) = V (t).
Here I will show that there is a standard way of doing SUSYQM for this important case. Using a relationship of Gauss that was mentioned by Castro
one can write the above ladder operators in the form
where
This leads to
and
2 ) 2 − k 1 k 2 plays the role of eigenvalue and S A,B are in the position of Schroedinger susy partner potentials
Chadan and Musette (1993) [7] These authors used
where the centrifugal correction of Chadan and Musette is
In Eq. (16) L = log(1/x), LL = log log(1/x), l = 1, α = −27/4, β = −3/2 and g is a coupling constant. Chadan and Musette proposed the above rather complicated singular potential in a closed interval [0,R] and Dirichlet boundary conditions at both ends. They gave arguments that the spectrum in the coupling constant g = 4 (t is the imaginary part on the critical line), which is real and discrete, with g n > 1/4, coincides approximately with the nontrivial Riemann zeros when R = e −4π/3 .
We note that this is a so-called Sturmian quantum problem, i.e., a quantization problem in the coupling constant of the potential. A very detailed analysis of this singular hamiltonian and a generalization of it from the point of view of inverse scattering and s-wave Jost functions has been performed in the important work of Khuri [8] .
The fractal potential of Wu and Sprung (1993) [9] Wu and Sprung obtained a local potential given by an Abel integral equation based on the smooth number of Riemann zeros below E, N (E) = 
As a function of the fitted Riemann zeros, y(x; N ) shows fluctuations with respect to the smooth potential y(x) and therefore y(x; N ) is a fractal curve. Using a box-counting-method analysis, Wu and Sprung obtained the result that the first 500 Riemann nontrivial zeros can be fitted with the fractal potential y(x; 500) of fractal dimension 1.5.
Okubo's two-dimensional potential (1998) [10]
Okubo introduced
where β is a real parameter. He gave arguments that this two-dimensional Lorentz-invariant Hamiltonian may be relevant to the RH. Some eigenfunctions of his two-dimensional Hamiltonian corresponding to infinite-dimensional representation of the Lorentz group have many interesting properties. Especially, a relationship exists between the zero zeta function condition (ZZFC) and the absence of trivial representations in the wave function. The eigenfunctions of H ok φ = λφ with z = 1 2 + iλ are of the form
where g is an arbitrary function which vanishes as its argument goes to ∞. The choice
yields a function φ 0 which is an infinite-dimensional unitary realization of the Lorentz group SO (1, 1) . If the so-called ZZFC condition is applied to φ 0 the representation space of SO(1,1) does not contain any singlet representation of the group. Berry and Keating commented that Okubo's hamiltonian is a more general, relativistic oscillator than their own quantized xp.
Mussardo's potential (1997) [11]
Mussardo's potential W is given by
where µ is the Möbius function. Since Mussardo applies, like Wu and Sprung, the semiclassical method, his work is based on Abel's integral equation. All that we said with respect to the work of Wu and Sprung applies here as well. Mussardo also suggested a resonance experiment to implement the primality test up to a maximum number N depending on a cutoff ǫ 0 . Sharp resonances in the transmission amplitude T N (E) of plane waves impinging on the potential W (x; ǫ 0 (N )) would indicate that the numbers N are prime.
de Oliveira and Pellegrino (2001) [12] These authors considered discrete Schrödinger operators of the type
defining V 0 = 0, V n = 1 if n + 1 is a prime number, and V n = 0 if not. They have found a localization-delocalization transition as a function of the potential strength λ.
Crehan (1995) [13]
Crehan used a classical theorem of Hardy and Littlewood stating that the position of the nth prime on the critical line is limited by t n < a −1 n (a = const) to get a theorem asserting that there is an infinite family of classically integrable nonlinear oscillators whose quantum spectrum is given by the imaginary part of the sequence of zeros on the critical line of the Riemann zeta function,
Conclusion
The spectral interpretation of the imaginary parts of the nontrivial Riemann zeros stimulated mathematical physicists to propose several quantum hamiltonians with spectra that could be useful in tackling with this century-old problem. Here the suggestions made in this area are gathered together in order to catch a global glimpse of these research facts. I also hint that the rapidly developing PT quantum mechanics [14] will have an important contribution in this field.
